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Pressure-Based Compressible Calculation Method
Utilizing Total Variation Diminishing Schemes

R. I. Issa¤ and M. H. Javareshkian†

Imperial College of Science, Technology, and Medicine, London SW7 2BX, England, United Kingdom

A pressure-based implicit procedure to solve the Euler and Navier–Stokes equations on a nonorthogonal mesh
with collocated � nite volume formulation is described. The boundedness criteria for this procedure are determined
from total variation diminishing (TVD) schemes, which are based on characteristic variables and are applied to
the � uxes of the convected quantities, including mass � ow rate. The procedure incorporates the k–" eddy-viscosity
turbulence model. The algorithm is � rst tested for inviscid � ows at different Mach numbers ranging from subsonic
to supersonic on a bump in a channel geometry, where the results are compared with other existing numerical
solutions.The method is then validatedagainst experimentand anothernumerical solution for the case of turbulent
transonic � ow through a gas turbine rotor blade cascade for which wind-tunnel experimental data exist. The
comparisons show that the quality of the resolution of the TVD scheme, as implemented in the pressure-based
procedure, is similar to that obtained when applied in density-based methods.

Nomenclature
A; QD; D = � nite difference coef� cients
a = eigenvalues of the Jacobian matrix
Qa = cell face area
C¹; C1; C2 = empirical coef� cients
F = mass � ux
G = generation of turbulent kinetic energy
g = � ux limiter
I = � ux
k = kinetic energy of turbulence
q = scalar � ux vector
R = right eigenvectormatrix
T = stress tensor
u; v = mean (time-average) velocity components

in x and y directions, respectively
® = characteristicvariable
0 = diffusivity coef� cient
0 t

Á = turbulent diffusivity coef� cients
±À = cell volume
" = volumetric rate of dissipation
² = small positive number
¹ = dynamic viscosity
¹t = turbulent viscosity
½ = density
¾k = turbulent Prandtl numbers for turbulent kinetic

energy
¾" = turbulent Prandtl numbers for dissipation rate
U = vector containing the components of the

antidiffusive � ux terms
Á = scalar quantity

Introduction

T HE capturing of sharp gradients associated with shock waves
and contact discontinuities has been the subject of much re-

search and development. The work has resulted in the devising of
various high-resolution bounded schemes, notably the total varia-
tion diminishing (TVD) technique.1 ;2 Most of these schemes have
been implemented in density-based numerical algorithms, which
are speci� c to highly compressible � ows. This imposes a restric-
tion on the applicability of the methodology and precludes its use
in multipurpose computational � uid dynamics procedures that can
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be applied to incompressible as well as compressible � ows. Alter-
natively, pressure-based methods offer the capability of handling
both of these classes of � ow in a uni� ed manner. Recently, several
authors have implemented the TVD technique in pressure-basedal-
gorithms. Lien and Leschziner3 introduced a MUSCL (Van Leer4 )-
type of TVD scheme into their pressure-based procedure; the � ux
limiter in their work relies on the gradients of the solved-for de-
pendent variables. A density-retardation technique, tantamount to
upwinding on the pressure gradient, is introduced to account for the
hyperbolic nature of the conservation equations. There is also the
work of Shyy and Thakur,5 who developed what they call the con-
trolled variation scheme (CVS), which is based on the formalism
of the TVD concept, introduced in the context of incompressible
� ow. Those authors expressed the view that existing TVD schemes
do not generalize to pressure-basedmethods for two reasons.5 The
� rst is related to contemporary sequential-iterationmethods of the
solution, which treat the pressure gradients as source terms in the
momentum equations;this is unlikesimultaneousalgorithms,which
treat gradients as part of the � ux vectors. The second reason is the
lack of de� nition of local characteristicson which the � ux limiters
of the TVD schemes are based. Their CVS scheme was generalized
to compressible � ows containing shocks as well as incompressible
� ows by Thakur et al.6

In the cited works, the gradients of either the conservedor prim-
itive variables are used in formulating the � ux-limiting function.
This is different from constructing the � ux limiter on characteristic
variablesthat are consideredto be appropriatefor compressible� ow
problems. Indeed,Mulder and Van Leer7 and Lin and Chieng,8 who
carried out extensive numerical experiments, found that, at least
for one-dimensional � ow, the best accuracy was obtained by us-
ing the Riemann variables. This may be because only one of these
variables will undergo a small change through a wave or a contact
front, whereas large changes take place in conserved or primitive
variables.

Issa and Javareshkian9 were among the � rst to implement a high-
resolution TVD scheme with characteristic-variables-based � ux
limiters into a pressure-based� nite volume method that solves the
Euler and Navier–Stokes equations.The schemewas applied to tran-
sient one-dimensionalproblems and to inviscid subsonic and tran-
sonic � ows. The contribution of the present paper is to extend this
schemeand apply it to new cases for which the resultsare compared
against available experimental data and other numerical solutions;
these include supersonic inviscid � ow and transonic, turbulent � ow
through a blade passage.

Contemporary with the work of Issa and Javareshkian9 are the
works of Kobayashi and Pereira10 and Batten et al.,11 where charac-
teristic-based � ux computations were introduced into pressure-
correction solution procedures. Kobayashi and Pereira10 use the

1652



ISSA AND JAVARESHKIAN 1653

essentially nonoscillating scheme for the � ux calculation, which
they incorporated into a steady-state solution method. Batten et al.
utilized the TVD approach and adopted a time marching technique.
In contrast, the method presented herein has been incorporated in
both transient mode9 and a steady-state mode.

Governing Equations and Descretization
The basic equations, which describe the conservation of mass,

momentum, and scalar quantities, can be expressed in Cartesian
tensor form as
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The stress tensorandscalar� uxvectorareusuallyexpressedin terms
of basic dependentvariables.The stress tensor for a Newtonian � uid
is
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The scalar � ux vector is usually given by a Fourier-type law:
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In the preceding equations, the velocities and scalar variables are
taken to be density-weighted,i.e., Favre, ensemble averages.

Turbulence is accounted for by adopting the k–" turbulence
model. The governing equations for these quantities are
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The turbulent viscosity and diffusivity coef� cients are de� ned by
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and the generation term G in Eqs. (6) and (7) is de� ned by
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The terms Dcomp and 2diff are additional contributions to the stan-
dard k–" model often introduced to account for the effects of com-
pressibility.12;13 In this work, the models proposed by Yang et al.12

are adopted, namely,

Dcomp D ¡ 9
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2diff D 0 (12)

the latter being appropriate for high-Reynolds-number� ows, as is
the case here.

The valuesof the turbulencemodelcoef� cientsused in the present
work are given in Table 1.

Table 1 Values of empirical coef� cients
in the standard k–" turbulence model

C1 C2 C¹ ¾k ¾"

1.44 1.92 0.09 1.0 1.3

Fig. 1 Finite volume and storage arrangement.

The preceding conservationequations are discretized through in-
tegration over control volumes such as that shown in Fig. 1. The
development of the discrete expressions to be presented is effected
with reference to only one face of the control volume, namely, e, for
the sake of brevity.

For any variable Á (which may now also stand for the velocity
components), the result of the integration yields

±À

±t
.½Á/n C 1

p ¡ .½Á/n
p C Ie ¡ Iw C In ¡ Is D SÁ±À .13/

where I is the combined cell-face convection IC and diffusion ID

� uxes.The diffusion� ux is approximatedby centraldifferencesand
can be written as an example for cell-face e of the control volume
in Fig. 1 as

ID;e D QDe.ÁP ¡ ÁE / ¡ SÁ
e .14/

where SÁ
e stands for cross derivativesarising from mesh nonorthog-

onality.The expressionfor the convective� uxes (mass, momentum,
and energy) are determined by the TVD scheme used for interpola-
tion from the nodes at the neighboringpoints, for example, nodes E
and P. The expression can be written, in general, as
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l
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where Re8e is a dissipation term based on the characteristic � eld
decompositionof the � ux difference. The superscript l denotes the
various � uxes concerned, i.e., mass momentum component and en-
ergy. Thus, for example, for the u componentof the momentum, the
convective � ux is written as
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where F is the mass � ux.
Accordingto Yee et al.,2 a spatially second-orderupwind formula

for the components of U e is given by
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The � ux limiter g may be de� ned in any way chosen.For the present
work, the MINMOD limiter due to Harten1 is used; thus,
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where
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The spatial increments of the characteristic variables are obtained
from
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The function Ã is required to prevent nonphysical solutions, such
as expansion shocks, and introduces a small amount of dissipation.
Following the suggestion of Harten and Hyman,14 it is taken as

Ã.z/ D .z2=4²/ C ² for jzj < 2²

D jzj for jzj ¸ 2²
.21/

where ² is an arbitrary small number. With the preceding assump-
tion, the discretized equations take the form

AP ÁP D
m D E ;W;N ;S

AmÁm C S 0
8 .22/

where the A are coef� cients whose expressions are given as

AE D De ¡ .FE =2/; AN D Dn ¡ .FN =2/

(23)
AW D Dw ¡ .FW =2/; AS D Ds ¡ .FS=2/

with

AP D AE C AW C AN C AS C .½±À=±t/

The term S 0
8 in Eq. (22) contains quantities arising from non-

orthogonality, numerical dissipation terms, external sources, and
.½±À=±t/Áp of the old time-step/iteration level. For the momen-
tum equations it is easy to separate out the pressure-gradientsource
from the convected momentum � uxes given by expressionssuch as
Eq. (16).

Solution Algorithm
The set of Eq. (22) is solved for the primitive variables (velocity

componentsand energy) togetherwith continuityutilizingpressure-
based implicit sequential solution methods. The techniques used
are either the PISO scheme for time-dependent problems9 or the
SIMPLE scheme for the steady-state problems presented herein.
In both of these techniques, the methodology has to be adapted to
handle the way in which the � uxes are computed in Eqs. (15–20).

The adaptedSIMPLE schemeconsistsof a predictorandcorrector
sequence of steps at every iteration. The predictor step solves the
implicit momentum equation using the old pressure � eld. Thus, for
example, for the u component of velocity, the momentum predictor
stage can be written as

u¤ D H .u¤/ ¡ Dr p0 C S0
u .24/

where H containsall terms relatingto the surroundingnodesand su-
perscripts¤ and 0 denote intermediateand previousiterationvalues,
respectively.Note that the pressure-gradientterm is now written out
explicitly; it is extruded from the total momentum � ux by simple
subtractionand addition.The corrector-stepequationcan be written
as

u¤¤ D H .u¤/ ¡ Dr p¤ C S0
u .25/

Hence, from Eqs. (24) and (25),

u¤¤ ¡ u¤ D ¡Dr.p¤¤ ¡ p¤/; or ±u D ¡Dr±p (26)

Now the continuity equation demands that

r.½¤u¤¤/ D 0 .27/

for steady-state � ows. For compressible � ows it is essential to ac-
count for the effect of change of density on the mass � ux as the
presurechanges.This is accountedfor by linearizingthe mass � uxes
as follows (as in Ref. 15):

½¤u¤¤ ¼ ½0u¤ C ½0±u C u¤±½ .28/

or

½¤u¤¤ ¼ ½0u¤ ¡ ½0 Dr±p C u¤ d½

dp
±p .29/

where Eq. (26) is invoked to eliminate ±u and ±½ is related to ±p
by the appropriate equation of state. Substitution of Eq. (29) into
Eq. (27) yields a pressure-correctionequation of the form

Ap ¢ ±p¤
p D AE ¢ ±p¤

E C AW ¢ ±p¤
W C AN ¢ ±p¤

N C AS ¢ ±p¤
S C Sp (30)

where Sp is the � nite difference analog of r.½0u¤/, which vanishes
when the solution is converged.

The A coef� cients in Eq. (30) take the form (the expression for
AE is given as an example)

AE D .½0 QaD/e ¡ ¸e. Qau¤/e ¢ d½

dp e

.31/

where ¸ is a factor whose signi� cance is explained subsequently.
Because the mass � ux at a cell face is computed directly [via

Eq. (15)] from nodal values of density and velocity, the cell-face
values of ½0

e and u¤
e in Eq. (31) are not readily available. To com-

pute those values, assumptions concerning the variations of ½ need
to be made. For example, if upwinding is chosen, then ¸ would
take the value of 1 when u is positive; otherwise it would be zero.
Alternatively, if a central difference formula is used, then ¸ D 1

2
.

It is important to recognize, however, that such assumptions have
no in� uence whatsoever on the � nal solution because they affect
only the pressure-correctioncoef� cients, and as ±p goes to zero at
convergence, the solution is, therefore, independent of how those
coef� cients are formulated; however, they do in� uence the conver-
gence behavior. What is important is how r.½0u¤/ in Eq. (30) is
computed (as this does determine the solution), and this is based on
the TVD principle outlined earlier.

The structure of the coef� cients in Eq. (30) simulates the hyper-
bolic nature of the equation system. Indeed, a closer inspection of
expression (31) would reveal an upstream bias of the coef� cients
(A decreases as u increases), and this bias is proportional to the
square of the Mach number. Also note that the coef� cients reduce
identically to their incompressible form in the limit of zero Mach
number.

The overall solution procedure follows the same steps as in the
standard SIMPLE algorithm, with the exception of solving the
hyperbolic-like pressure-correction equation (30). To ensure con-
vergence of the iterative process, underrelaxation factors between
0.1 and 0.2 for pressure correction and between 0.2 and 0.5 for the
other variables are employed.

Boundary Conditions
At the inlet of the domain, all � ow variables are speci� ed if the

� ow is supersonic. For subsonic inlet � ow, only three of the four
variables need to be prescribed: the total temperature, the angle of
attack, and the total pressure. The pressure is obtained by zeroth-
order extrapolation from interior points. At outlet, all of the � ow
variablesare obtained by linear extrapolationfor supersonicveloci-
ties; the pressure is � xed when the outlet is subsonic.Slip boundary
conditions are used on the lower and upper walls of the bump in the
inviscid � ow test cases. In the case of viscous � ow, the no-slip con-
dition is appliedat the solidwalls. To accountfor the steepvariations
in turbulent boundary layers near solid walls, wall functions,which
de� ne the velocity pro� le in the vicinity of no-slip boundaries, are
employed.16

Also, numerical boundary conditions have to be formulated for
the � ux limiters. According to Yee17 there are three choices of
boundaryvalues for the gl

i function in Eq. (17). In the present work,
the gl

i functionon a boundaryface has been approximatedby ®l
i C 3=2,

which has the smallest dissipative value among the three possible
choices.

Results
Both two-dimensional inviscid and viscous � ows are computed,

and the results are compared either with existing numerical solu-
tions obtained by others or with experimental data where available.
The � rst validation is the � ow over a bump in a channel geometry
in which subsonic, transonic, and supersonic � ows were computed
and compared with other existing numerical predictions, including
TVD schemes in density-based methods. It is then validated for
a two-dimensional viscous � ow through a gas turbine rotor blade
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a) Bump geometry

b) Mach number on walls

c) Mach contours
Fig. 2 Subsonic � ow over 10% thick bump, inlet M = 0:5.

cascade for which wind-tunnel experimental data exist, and the re-
sults are compared with the measurements and another numerical
solution.

In Fig. 2a the geometry of a 10% thick bump on a channel wall
is shown together with the mesh used (98£ 25) to compute steady
two-dimensionalinviscid � ow. Three cases were consideredfor this
geometry,one with inlet Mach numberof 0.5 resulting in a subsonic
� ow throughout, another with inlet Mach number of 0.675 leading
to transonic � ow over the bump, and the third case with inlet Mach
number of 1.6.

Figures 2b and 2c present, respectively, the Mach number distri-
bution on the walls and isomach lines for the case of M¡1 D 0:5.
As shown in Fig. 2, the numerical solution is quite symmetric about
the midchord, which is a good indication of solution accuracy for
this subsonic application.

Figure 3 presents the results of transonic � ow in a similar geom-
etry (Fig. 2a). The grid dependence test for this � ow is indicated in
Fig. 3a. As can be seen, the results of these meshes do not change
much, indicating that an acceptable solution can be obtained even
on the coarse mesh. The Mach number and pressuredistributionson
the lower and upperwalls for two differentTVD schemesare shown
in Figs. 3b and 3c. Widerman and Iwamoto18 used a density-based
methodwith a simultaneousexplicit solver.The agreementbetween
the two solutions is close, thus verifying the validity of the present
TVD generalization.An indicationof the shock resolutionis offered
by Fig. 3d, where constant pressure contours are displayed.

Figures 4 and 5 present solutions for two supersonic � ows
(M¡1 D 1:6 and 1:4) past 10% and 4% thick circular arc bumps in a
channel, respectively.The results of two TVD schemes on a grid of
98 £ 25 nodes, that of Widermann and Iwamoto18 and of the present
TVD scheme, are shown in Figs. 4a and 4b for the M¡1 D 1:6 case.

a) Mach number on walls: grid dependence test

b) Mach number on walls: comparison with density-based method

c) Pressure ratio on walls

d) Mach contours

Fig. 3 Transonic � ow over 10% thick bump, inlet M = 0:675.

The Mach number and pressuredistributionson the lower and upper
walls are chosen to compare the resolutionof shock waves for these
schemes. The comparisons indicate that both the re� ection of the
leading-edgeshockon the upperwall and the trailing-edgeshockare
captured with the same sharpness, but the present TVD scheme has
a sharper leading-edge shock with the consequence of predicting a
lower Mach number over the bump. Figure 4c shows the predicted
Mach number distribution. Figure 5a shows the predicted Mach
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a) Mach number on walls

b) Pressure ratio on walls

c) Mach contours (present TVD)

Fig. 4 Supersonic � ow over 10% bump.

number distribution for the case of M¡1 D 1:4. The results of Lien
and Leschziner,3 who approximated the advective � uxes using the
quadraticschemeQUICK or a second-orderTVD schemeoperating
on the primitive variables, on a grid of 90 £ 30 nodes are compared
with the present scheme in Fig. 5b, where the Mach number dis-
tributions on the lower and upper walls are shown. The Lien and
Leschziner3 scheme apparently predicts sharper shocks; however,
closer inspection of Fig. 5 shows that this is achieved at the cost
of the presence of over- and undershoots in the solution. This is
very likely to be the result of not using the Riemann variables in the
TVD scheme. The present second-order TVD scheme on the other
hand predicts bounded solutions in the vicinity of the shock at the
cost of a slight decrease in sharpness of resolution. In any event,
shock sharpness is a function of the limiter used (MINMOD in this
case) and is independentof the implementation that is the subject of
the present paper. Other limiters (such as SUPERBEE19) could be
used in the present method,9 and they might have produced sharper
shock resolution. Indeed, the results of Kobayashi and Pereira10

with the MINMOD limiter for a similar case show correspondence
with the quality of the present results; those authors10 also showed
that marked improvement in resolution could be obtained by use
of different � ux limiters. Batten et al.11 also show that good shock
capturing resolution can be achieved by a different choice of TVD
limiter.

a) Mach contours (present TVD scheme)

b) Mach number on walls
Fig. 5 Supersonic � ow over 4% thick bump.

Figure 6 presents the solution for the turbulent � ow past the von
Kármán Institute (VKI) gas turbine rotor blades. The � ow is turned
through 96 deg by the blades and exits to a downstream static pres-
sure corresponding to an isentropic Mach number of 1.2.

The domain of the solution is con� ned to one blade passage, and
cyclic boundary conditions are employed to simulate the repeating
� ow pattern from one passage to the next. At the inlet, the total
pressureand temperaturewere speci� ed, whereas the static pressure
corresponding to the isentropic exit Mach number was prescribed.
The turbulence quantities were speci� ed at inlet to correspond to
1% turbulenceintensityand a dissipation length scale of 10% of the
blade pitch.

Grid independence studies were performed on H grids of 130 £
31; 228 £ 31; 228 £ 58, and 299 £ 58 nodes, respectively. Care
was taken such that the yC values of the nodes next to the walls
were well above 20 to maintain validity of the wall functions used.
The results of this study20 show that reasonablemesh independence
was attainedon the228 £ 58grid, forwhich the resultsarepresented
here.

Figure 6a shows the basic H-grid layout and the iso-Mach line
distribution. Figure 6b presents a comparison between the present
TVD scheme and that of Arnone et al.,21 who used a C grid of
449£ 33 nodes and a density-basedmethod with an explicit solver.
They also used the Baldwin–Lomax22 turbulence model that was
developed for boundary-layercalculations; the present calculations
use the k–" model. From Fig. 6 it is observed that the pressure-side
distribution of the isentropic Mach number and the shock de� ni-
tion are nearly the same for the two schemes, and both methods
predict the shock position ahead of the actual location due to the
shock/boundary-layer interaction, which leads to a sudden growth
of the boundary layer around that region. As it is seen from these
results, there is quite a good agreement between the present pre-
dictions and the measurement of Sieverding23 at VKI, with the ex-
ception of the overexpansions at the rounded trailing edge. This
unrealistic overexpansionmay be due to failure to capture the true
geometry of the trailing edge. (Although H-type grids are easy to
generate, they provide poor leading- and trailing-edge de� nition.)
Indeed, Arnone et al.21 could improve their results by adding a � c-
titious solid wedge to the trailing edge of the blade to simulate a
recirculationzone. The turbulencemodel and wall functions cannot
deal adequatelywith the interaction taking place between the shock
wave and the boundary layer. In view of all of these shortcomings,
it is remarkable, therefore, that reasonable agreement with the data
is obtained on such a relatively coarse mesh.
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a) Iso-Mach lines and grid

b) Mach number on walls
Fig. 6 Transonic � ow in the VKI turbine rotor blade passage.

Conclusion
A pressure-based implicit procedure has been described that in-

corporates bounded high resolutionof discontinuitiesand is, there-
fore, well suited to all � ow rangingfromsubsonicto supersonic.The
boundedness criteria for this procedure are determined from TVD
schemes,which are applied to the � uxes of the convectedquantities,
including mass � ow. The � ux limiter is based on the characteristic
variables. The main � ndings can be summarized as follows:

1) The agreement between the results of the present implementa-
tion of TVD schemesand other implementationsof the same limiter,
using density-basedmethods, is excellent, as it should be.

2) The TVD scheme based on characteristic variables produces
a smooth solution around discontinuities, unlike those using the
primitive variables, which can give some over- or undershoots.

3) The grid dependence test of the inviscid test case indicates
that an acceptable solution can be obtained even on fairly coarse

meshes, verifying the practicability of the method for engineering
applications.

4) Application of the method to turbulent � ow in a blade passage
validates the implementation in frictional � ow.
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Inst. for Fluid Dynamics, LS-59, Rhode St. Genese, Belgium, 1973.

W. Oberkampf
Associate Editor


